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1. INTRODUCTION
Consider the case of flow in a medium composed of two materials with
very different properties. These two regions are referred to as blocks and
fissures, with ``block'' denoting a region of low permeability and ``fissure''
denoting a region of relatively high permeability. A double porosity model
for such a situation is one that uses two sets of values such as porosity,
permeability, and fluid density to describe the flow in the medium. A
distributed microstructure model is a particular type of double porosity
Ž .model that contains an analysis on two or more scales. In a typical model,
it is assumed that the blocks are continuously distributed over a particular
set that represents the medium seen on the macroscale. Each block
represents an individual copy of the microscale behavior of the flow. The
blocks act as point sources or sinks on the macroscale, while the coupling
of macroscale to microscale effects is accomplished through the boundary
of each block. Double porosity microstructure models for the flow in such
w x w x w xmaterials have been given in 12 , 13 , and 7 , and derivations of such
w x w xmodels have appeared in 2 and 4 . A typical example of a double porosity
Ž w x.microstructure model similar to that found in 13 follows. For each x in
Ž .some bounded set V, let V denote the microscale block associated withx
x. Flow is then modeled by a two-scale system of the form
›
u x , t y = ? A x , t = u x , t q Q x , t s f xŽ . Ž . Ž . Ž . Ž .Ž .x x› t
›
U x , t y = ? B x , t = U x , t s 0,Ž . Ž . Ž .Ž .y y› t
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where Q represents the point source associated with the block V , withx
Ž . Ž .appropriate boundary and initial conditions, and where u x and U x, y
represent the fluid density at x g V and at y g V , respectively. Onlyx
Ž w x w x.recently in 2 and 4 have similar models been derived rigorously as a
limit of double porosity models. In the following, a derivation of a
w xmicrostructure model similar to the one from 13 is presented. The
w xderivation uses several tools from 1 and indicates the power of the
two-scale method in dealing with such derivations. Care is taken to
indicate exactly how the structure of the particular microstructure model is
obtained. The resulting existence and uniqueness theory is discussed in
light of the homogenization results, and homogenized initial conditions are
obtained. The model presented here is intermediate in complexity between
the very simple example of a derivation using two-scale convergence
w x w xpresented in 1 and the complex nonlinear derivation in 4 . The problem
presented here forces us to consider some difficulties not present in
Ž w xeither of these approaches or in the derivation in 2 , which does not
. w xuse two-scale convergence . Using techniques from 11 , we include time-
Ž .dependent data permeability and carefully consider the homogenization
of the initial conditions. In addition, we simplify the presentation and
avoid many technical details by the use of an exponential shift rather than
using extension operators to obtain the necessary bounds. We make
extensive use of the method of two-scale convergence that was developed
w x w xin 1 , so we first list definitions from 1 relevant to our problem. Since the
problem we consider here involves homogenization with respect to some
but not all variables, we have modified the following definitions to allow
Ž .for homogenization with a parameter which we denote by t . These
w xchanges do not affect the proofs of the results we use from 1 in any
essential way.
1.1. Two-scale con¤ergence with a parameter
N w xN MLet V be an open subset of R , Y s 0, 1 , and G be a subset of R .
ŽIn what follows, G represents the domain of a parameter. Typically
w x .G s 0, T . We denote spaces of periodic functions by a subscript a. For
Ž .example, C Y is the space of functions that are continuous and Y-a
periodic.
Ž .DEFINITION 1. A function, c x, t, y , that is Y-periodic in y and satisfies
2x 2lim c x , t , dx dt s c x , t , y dy dx dt. 1.1Ž . Ž .H H Hž /ee“0 V=G V=G Y
is called an admissible test function.
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 e4 2Ž .DEFINITION 2. A sequence u : L V = G two-scale converges to
22 eŽ . Ž . Ž .u x, t, y g L V = G = Y we write u “ u if for any admissible test0 0
Ž .function c x, t, y ,
x
elim u x , t c x , t , dt dxs u x , t , y c x , t , y dy dt dx.Ž . Ž . Ž .H H H H H 0ž /ee“0 V G V G Y
Remark 1. Two-scale convergence is, in a sense, between weak and
2 w x  e4strong convergence in L . Quoting another result from 1 : If u is a
2Ž . Ž .bounded sequence in L V = G , then there exists a function u x, t, y in0
2Ž .  e4L V = G = Y and a subsequence of u that two-scale converges to u .0
 e4 2Ž . Ž .Moreover, the subsequence u converges weakly in L V = G to u x, t
Ž .s H u x, t, y dy.Y 0
 e4 Ž w x.Remark 2. If u is bounded in a stronger sense, we have from 1
 e4the following compactness result: Suppose u is a bounded sequence
2Ž 1Ž .. 2Ž 1Ž ..in L G; H V that converges weakly to u in L G; H V . Then
 e4 Ž .u two-scale converges to u, and there is a function u x, t, y in1
2Ž 1Ž . . eL V = G; H Y rR such that, up to a subsequence, = u two-scalea x
Ž . Ž .converges to = u x, t q = u x, t, y .x y 1
2. THE DOUBLE POROSITY MODEL
N w xN w xLet V be an open subset of R and Y s 0, 1 . Following Allaire 1 ,
Žwe assume that Y is divided into two parts, Y and Y where Y is1 2 1
. 1connected in Y , and we assume that › V, › Y , and › Y are C manifolds1 2
of dimension n y 1. We assume that V has an e Y periodic structure.
Ž .More precisely, let x be the characteristic function of Y i s 1, 2i i
extended by Y-periodicity to all of R N and define
x
eV s V s x g V : x s 1 ,F F 1½ 5ž /e
x
eV s V s x g V : x s 1 ,B B 2½ 5ž /e
and
G s › V l › V .e F B
In the following we assume that we have symmetric coefficient functions
Ž . Žw x . Ž . Žw x . Ža t, y g C 0, T = Y and A t, y g C 0, T = Y which are zeroi j 1 i j 2
.off their respective domains . We use the standard summation convention
on repeated indices throughout. We assume that there is an a ) 0,
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independent of t and y, such that
< < 2a t , y j j G a j , y g Y 2.1Ž . Ž .i j i j 1
and
< < 2A t , y j j G a j , y g Y . 2.2Ž . Ž .i j i j 2
Extending a and A to all of V by periodicity, we definei j i j
x x
e ea t , x s a t , and A t , x s A t ,Ž . Ž .i j i j i j i jž / ž /e e
and
V s H 1 VŽ .0 0
V s L2 V ; H 1 Y rR .Ž .Ž .1 a
e 1Ž e . 2Ž e . e 1Ž e . 2Ž e .Let g : H V “ L › V and g : H V “ L › V be the usualB B B F F F
trace maps on the respective spaces. For u and ¤ in V , define0
ae x , t s ae t , x q e 2Ae t , x .Ž . Ž . Ž .Ä i j i j
Then Ae defined by
› u › ¤
e eA t u ¤ s a x , t dxŽ . Ž . Ž .ÄH
› x › xV j i
› u › ¤
es a t , x dxŽ .H i j › x › xV j iF
› u › ¤
2 eq e A t , x dx , u , ¤ g VŽ .H i j 0› x › xV j iB
Ž X.is in L V , V . We will also use the notation0 0
u , ¤ s u x ¤ x dxŽ . Ž . Ž .H
V
2Ž X. 2Ž . ein what follows. Let f g L 0, T ; V , u g L V , and assume that U s0 0 0
x 2 e 2Ž . Ž . 5 5U x, is in L V with U F C, where C does not depend on e .L ŽV .0 0e
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e 2Ž .We consider the following problem: find u in L 0, T ; V such that, forÄ 0
all ¤ in V ,0
›
e e e Äu t , ¤ q A t u t ¤ s f t ¤ 2.3Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ä Ä
› t
ue 0 s ue , 2.4Ž . Ž .Ä Ä0
where
x x
e eu s x u q x UÄ0 1 0 2 0ž / ž /e e
and
f t x g VŽ . FÄf t s .Ž . ½ 50 x g V B
e 2Ž .PROPOSITION 1. For e¤ery e ) 0, there is a unique u g L 0, T ; V suchÄ 0
Ž . e Ž . ethat 2.3 holds and u 0 s u .Ä Ä0
Ž . Ž .Proof. From 2.1 and 2.2 we have that
e < < 2 2 < < 2A t u u G a =u dx q e a =u dx. 2.5Ž . Ž . Ž .H H
V VF B
e Ž .For each e ) 0, A t is thus uniformly coercive, and existence and
w xuniqueness are guaranteed by 11, Proposition 3.2.3 .
w x eFollowing Showalter in 11 , we note that for any l ) 0, u is a solutionÄ
Ž . e Ž . yl t e Ž .of 2.3 exactly when w t s e u t is a solution ofÄ
›
e e e e yl tw t , ¤ q l w t , ¤ q A t w t ¤ s e f t ¤ 2.6Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
› t
e Ž . e e Ž .for all ¤ in V with w 0 s u . Set ¤ s w t and integrate to obtainÄ0 0
T T2 21 e e e e e2 25 5 5 5w T q l w t dt q A t w t w t dtŽ . Ž . Ž . Ž . Ž .Ž .L ŽV . H L ŽV . H2
0 0
T 21yl t e e 25 5s e f t w t dt q u . 2.7Ž . Ž . Ž .Ž . ÄH L ŽV .02
0
Using Holder's and Young's inequalities, note thatÈ
'l lT T T 2yl t e yl t e25 5 5 5e f t w t dt F e f t dtq w t dt.Ž . Ž . Ž . Ž .Ž .H H L ŽV . H2 20 0 0
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Ž .Therefore, neglecting the positive terms on the left side of 2.7 , we obtain
1 1T T2 2e yl t e2 25 5 5 5 5 5w t dt F e f t dt q u ,Ž . Ž . ÄH H L ŽV . L ŽV .0' ll0 0
5 e 5 2 Ž .which easily gives us a bound on u . Similarly, 2.5 can beÄ L ŽV=Ž0, T ..
T 5 e 5 2 2 T 5 e 5 2 2used to produce bounds on H =u and H e=u .Ä ÄL ŽV . L ŽV .0 0F B
Therefore we have established:
PROPOSITION 2. Gi¤en the situation as abo¤e, ue is bounded inÄ
2Ž Ž .. e 2Ž Ž .. eL V = 0, T , =u is bounded in L V = 0, T , and e=u is bounded inÄ ÄF
2Ž Ž ..L V = 0, T .B
Ž .Remark 3. Appropriate choices of test function ¤ in 2.3 now allow us
Ž e e . Ž e e .to observe that u , U s x u , x u is a weak solution ofÄ Ä1 2
› › › ue
e eu x , t y a t , x x , t s f x , t , x g V 2.8Ž . Ž . Ž . Ž . Ž .i j Fž /› t › x › xi j
› › ›Ue
e 2 eU x , t y e A t , x x , t s 0, x g V 2.9Ž . Ž . Ž . Ž .i j Bž /› t › x › xi j
ue s Ue on Ge 2.10Ž .
ue s 0 on › V y Ge 2.11Ž .
› ue ›Ue
e 2 e ea t , x x , t s e A t , x x , t on G 2.12Ž . Ž . Ž . Ž . Ž .i j i j› x › xj j
x
eu x , 0 s u x s u 2.13Ž . Ž .Ä0 1 0ž /e
x
e eU x , 0 s u x s U . 2.14Ž . Ž .Ä0 2 0ž /e
Ž . Ž .This system 2.8 ] 2.14 represents a standard model of flow in a heteroge-
2 Ž w x.neous medium, where the matrix blocks are scaled by e see 8 . We note
Ž . Ž . Ž . Ž .that 2.8 and 2.9 hold in the distributional sense, that 2.10 and 2.11
e e Ž .hold in the sense of the trace maps g and g , and that 2.12 holds in theF B
w xabstract Green's operator sense of 10, Theorem 3.2.C .
3. THE TWO-SCALE HOMOGENIZED PROBLEM
ŽGiven the bounds above, it follows from the results quoted in Remarks
. Ž e .1 and 2 that there is a subsequence also denoted here by u andÄ
2Ž 1Ž .. 2ŽŽ . 1 Ž ..functions u in L 0, T ; H V , ¤ in L 0, T = V; H Y , and u in0 0a 2 1
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2ŽŽ . 1 Ž . .L 0, T = V; H Y rR such that0a 1
2
eu “ u x , t q x y ¤ x , y , t ,Ž . Ž . Ž .Ä 2
x 2ex = u “ x y = u x , t q = u x , y , tŽ . Ž . Ž .Ä1 x 1 x y 1ž /e
x 2eex = u “ x y = ¤ x , y , tŽ . Ž .Ä2 x 2 2ž /e
and
2eu “ u x x y q U x , y x y .Ž . Ž . Ž . Ž .Ä0 0 1 0 2
2Ž . 2Ž .Let V s V = V , V s L 0, T ; V , V s L 0, T ; V , and V s0 1 0 0 1 1
2Ž .L 0, T ; V s V = V . Choose0 1
w g W 1, 2 0, T ; C‘ V with w x , T s 0,Ž . Ž .Ž .0
w g W 1, 2 0, T ; C‘ V ; C‘ Y with w x , T , y s 0,Ž . Ž .Ž .Ž .1 0 a 1 1
and
c g W 1, 2 0, T ; C‘ V ; C‘ YŽ .Ž .Ž .0 a 2
with c x , t , y s 0 for y g Y , c x , T , y s 0.Ž . Ž .1
x xŽ . Ž . Ž . Ž .Set ¤ s w x, t q ew x, t, q c x, t, in 2.3 and integrate over1 e e
w xV = 0, T . After an integration by parts we get
T Xey u w9 q ew q c 9 dx dtŽ .ÄH H 1
0 V
x x
ey u w x , 0 q ew x , 0, q c x , 0, dx dyŽ .ÄH 0 1 ž / ž /ž /e eV
› ue ›w ›w ›w ›c 1 ›cÄT 1 1eq a t , x q e q q q dx dtŽ .ÄH H i j ž /› x › x › x › y › x e › y0 V j i i i i i
T Äs f x , t w q ew q c dx dt , 3.1Ž . Ž . Ž .H H 1
0 V
where 9 denotes ›r› t.
We note that the functions
›w ›w ›w ›c 1 ›c1 1ea q e q q qi j ž /› x › x › y › x e › yi i i i i
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Ž X . Ž Ž ..and w9 q ew q c 9 are admissible in the sense of 1.1 . Using the1
e e Ž .two-scale convergence of u and of = u and letting e “ 0 in 3.1 , we get,Ä Äx
for all such test functions w, w , and c ,1
T
y u x , t q x y ¤ x , y , t w9 x , t q c 9 x , t , y dy dx dtŽ . Ž . Ž . Ž . Ž .Ž .Ž .H H H 2
0 V Y
y u x x y q U x , y x y w x , 0 q c x , 0, y dy dxŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž .H H 0 1 0 2
V Y
› u › u ›w ›wT 1 1q a t , y q q dy dx dtŽ .H H H i j ž /ž /› x › y › x › y0 V Y j j i i1
› ¤ ›cT T
q A t , y dy dx dt s f x , t w x , t dx dt.Ž . Ž . Ž .H H H H Hi j › y › y0 V Y 0 Vj i2
3.2Ž .
Ž .PROPOSITION 3. The triple u, u , ¤ , which is the limit of the sequence of1
Ž . Ž .solutions of 2.3 in the sense described abo¤e, is the unique solution of 3.2
2Ž 1Ž .. 2ŽŽ . 1 Ž . . 2ŽŽ .in L 0, T ; H V = L 0, T = V; H Y rR = L 0, T = V;0 0a 1
1 Ž ..H Y .0a 2
Ž . Ž .Proof. The fact that u, u , ¤ is a solution of 3.2 has been established1
Ž . Ž . Ž .above. Suppose now that u, u , ¤ and u, u , ¤ are both solutions of 3.2 .1 1
Ž . Ž . Ž .Let u, u , ¤ s u, u , ¤ y u, u , ¤ . Then for all test functions w, w ,Ä Ä Ä1 1 1 1
and c as above and for 0 F t F T ,
t
y u x , t q x y ¤ x , y , t w9 x , t q c 9 x , t , y dy dx dtŽ . Ž . Ž . Ž . Ž .Ž .Ž .Ä ÄH H H 2
0 V Y
› u › u ›w ›wÄ Ät 1 1q a t , y q q dy dx dtŽ .H H H i j ž /ž /› x › y › x › y0 V Y j j i i1
› ¤ ›cÄt
q A t , y dy dx dt s 0.Ž .H H H i j › y › y0 V Y j i2
Thus,
1 d 2
25 5u x , t q x y ¤ x , y , tŽ . Ž . Ž .Ä Ä L ŽV=Y .22 dt
› u › u › u › uÄ Ä Ä Ät 1 1q a y q q dx dtŽ .H H H i j ž /ž /› x › y › x › y0 V Y j j i i1
› ¤ › ¤Ä Ät
q A y dy dx dt s 0.Ž .H H H i j › y › y0 V Y j i2
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The ellipticity of a and A then yieldi j i j
d 2
25 5u x , t q x y ¤ x , y , t F 0,Ž . Ž . Ž .Ä Ä L ŽV=Y .2dt
Ž . Ž . Ž .so that u x, t q x y ¤ x, y, t is decreasing in norm. However, sinceÄ Ä2
u q x ¤ and u q x ¤ satisfy the same initial condition, we see that2 2
Ž . Ž . Ž . Ž . Ž . Ž .u x, 0 q x y ¤ x, y, 0 s 0. Therefore u x, t q x y ¤ x, y, t ’ 0, andÄ Ä Ä2 2
the ellipticity of a applied again gives that u s 0.Äi j 1
Ž .We will now attempt to decouple the limiting equation 3.2 and show
that its solution is the solution of the appropriate microstructure model.
Ž .Choosing w, w s 0 in 3.2 gives1
T
y u x , t q x y ¤ x , y , t c 9 x , t , y dy dx dtŽ . Ž . Ž . Ž .Ž .Ž .H H H 2
0 V Y2
y U x y c x , 0, y dy dxŽ . Ž .H H 0 2
V Y2
› ¤ ›cT
q A t , y dy dx dt s 0 3.3Ž . Ž .H H H i j › y › y0 V Y j i2
Ž .for all c as above. Choosing w , c s 0 in 3.2 gives1
T
y u x , t q x y ¤ x , y , t w9 x , t dy dx dtŽ . Ž . Ž . Ž .Ž .Ž .H H H 2
0 V Y
y u x q U x w x , 0 dx dyŽ . Ž .H H 0 1 0 2
V Y
› u › u ›wT 1q a t , y q dy dx dtŽ .H H H i j ž /› x › y › x0 V Y j j i1
T
s f x , t w x , t dx dt 3.4Ž . Ž . Ž .H H
0 V
Ž .for all w as above. Finally, choosing w, c s 0 in 3.2 gives
› u › u ›wT 1 1
a t , y q dy dx dt s 0 3.5Ž . Ž .H H H i j ž /› x › y › y0 V Y j j i1
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Ž .for all w as above. From 3.3 , we obtain1
› › › ¤
u x , t q ¤ x , y , t y A t , y s 0Ž . Ž . Ž .Ž . i jž /› t › y › yi j
in V = Y = 0, T , 3.6Ž . Ž .2
Ž .and this and 3.3 give the initial condition
u x , 0 q ¤ x , y , 0 s U x , y in V = Y . 3.7Ž . Ž . Ž . Ž .0 2
Ž . Ž .Integrating by parts in 3.4 and asking that w x, 0 s 0, we get
› › u › ¤
u x , t dy q q dyŽ .H H ž /› t › t › tY Y1 2
› › u › u1y a t , y q dy s f , 3.8Ž . Ž .H i j ž /› x › x › yYi j j1
Ž .and, integrating 3.6 over Y , applying the divergence theorem, and2
Ž .substituting in 3.8 yields
› u › › u › u › ¤1y a y q dy q A y ? n ds s f ,Ž . Ž .H Hi j i j iž /› t › x › x › y › yY › Yi j j j1 2
3.9Ž .
where n is the ith component of the unit outward normal vector n . Fromi
Ž . Ž . 2Ž .3.4 and 3.8 we also obtain the initial condition in L V ,
< <u x , 0 q x y ¤ x , y , 0 dy s u Y q U x , y dy. 3.10Ž . Ž . Ž . Ž . Ž .H H2 0 1 0
Y Y2
Ž . Ž .Integrating 3.7 over Y and subtracting 3.10 gives2
< <u Y0 1
u x , 0 s s u . 3.11Ž . Ž .0< <1 y Y2
Ž .Finally, an integration by parts in 3.5 yields
› › u › u1
a t , y q s 0 in V = Y = 0, T . 3.12Ž . Ž . Ž .i j 1ž /ž /› y › x › yi j j
G. W. CLARK374
We can now decouple the system further, by introducing the following Y1
kŽ .cell problem. For every 0 - t - T , define w t, y as the solution of
› › w k ›
a t , y t , y s a t , y in V = Y = 0, T ,Ž . Ž . Ž . Ž .i j i k 1ž /› y › y › yi j i
k Ž .where w is Y-periodic in Y and for 0 - t - T1
w k t , y dy s 0.Ž .H
Y1
Ž .By linearity, 3.12 yields
› u
ku x , y , t s w t , y q c t , x in V = Y = 0, T .Ž . Ž . Ž . Ž .1 1› xk
Ž .Substituting in 3.9 we have that
› u › › u › u › w k › ¤
y a y q dy q A y ? n ds s f .Ž . Ž .H Hi j i j iž /› t › x › x › x › y › yY › Yi j k j j1 2
3.13Ž .
Define
› w k
ha t s a t , y d y y dy 3.14Ž . Ž . Ž . Ž .Hi j i j jkž /› yY j1
Ž . Ž . Ž . Ž . Ž .and define U x, t, y s u x, t q x y ¤ x, t, y in V = Y = 0, T . We2 2
have shown
Ž . Ž .PROPOSITION 4. The triple u, u , U obtained abo¤e in 3.2 is the1
solution of the microstructure model:
› u › › u ›U
hy a q A ? n ds s f in V = 0, TŽ .Hi j i j iž /› t › x › x › y› Yi j j2
›U › ›U
y A s 0 in V = Y = 0, TŽ .i j 2ž /› t › y › yi j
U x , t , y s u x , t on › YŽ . Ž . 2
U x , 0, y s U x , y in V = YŽ . Ž .0 2
u x , 0 s u x in V ,Ž . Ž .0
h Ž . Ž .where the homogenized coefficients a t are gi¤en as abo¤e in 3.14 .i j
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We conclude this paper with a sequence of remarks.
1Ž . 2Ž .Remark 4. If g : H Y “ L Y is the usual trace map, and we2 2 2
w x Ž .Ž . Ž Ž ..Ž .define the distributed trace g as in 13 by g U x, s ’ g U x s g2
2Ž 2Ž .. 2ŽŽ . 1 Ž ..L V, L Y , then, since ¤ g L 0, T = V; H Y , the solution to the2 0a 2
Ž .microstructure model above satisfies u s g U .
Ž w xRemark 5. In the non-time-dependent case, it is well known see 9 or
w x. h Ž .3 that the homogenized coefficient matrix a given above in 3.14 isi j
elliptic. For a discussion of the well-posedness of a microstructure model
w xsimilar to the one obtained above, see 13 .
Remark 6. The model above is equivalent to one in which the porosity
term in both parts of the medium is assumed to be constant. Little
additional difficulty is incurred if the porosity is assumed to be bounded
w xabove and below by a positive constant. See 6 for a discussion of the
homogenization of a degenerate evolution equation in which the porosity
is allowed to vanish.
ŽRemark 7. There are still features of some microstructure models of
w x w x w x .5 , 12 , and 13 , for example not obtained here or in the derivations in
w x w x2 or 4 . The assumption of periodicity means that, in the limit, the
microscale domains are copies of each other, while in the microstructure
models they may vary across V. We also know of no derivation of the
w xregularized microstructure model of 13 , or of the secondary flux model
w xof 7 .
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